Abstract. The Cattaneo-Mindlin concept of interfacial slip in tangentially loaded
INTRODUCTION
In 1938 Cattaneo (1938) and then in 1949 Mindlin (1949) published their seminal works on the effect of forces tangential to the interface of elastic bodies in contact and, as quoted from Mindlin and Deresiewicz (1953) , these studies "have revealed the necessity of taking slip into account". To be more precise the studies in Cattaneo (1938) and Mindlin (1949) extended the Hertz theory for normally loaded elastic spheres by adding an increasing tangential loading to these spheres and considering slip exclusively at their contact interface. Since the paper by Mindlin (1949) is, by far, more familiar of these two we shall focus on it. Henceforth Mindlin's work will be referred to as the "Cattaneo-Mindlin concept" or CMC in the present paper.
In addition to considering a possible slip exclusively at the contact interface itself, several other important simplifying assumptions were made in Mindlin (1949) as listed below:
1. The two elastic bodies are identical spheres. 2. The normal pressure distribution and the contact area, which resulted from the normal loading alone, remain unchanged during application of the tangential loading. 3. When the assumption that no slip occurs at the contact interface was made the following conclusions and results were obtained:
• The tangential component of the displacement at the contact surface is that of a rigid body.
• The shear stress distribution τ on the contact surface is everywhere parallel to the displacement, is axially symmetric in magnitude and increases to infinity at the edge of the contact surface. To avoid the above unrealistic infinite shear stresses associated with the no slip assumption, Mindlin argued that slip at the contact interface must accompany tangential loading. Mindlin further supposed that such slip would start at the edge of the contact surface and progress radially inward as the tangential loading increases. He also supposed that since τ in the absence of slip is radially symmetric, the slip occurs on an annulus. This led to another assumption: 4. The shear stress τ on the annulus of slip is in the direction of the tangential loading and has the magnitude p µ τ = , where µ is a constant coefficient of friction and p is the contact pressure.
The solution of this problem where the contact interface consists of a central stick region surrounded by an annulus slip region yields the inner radius of the annulus of slip. As the tangential load increases to P Q µ = , where P is the normal load, the central stick portion of the contact surface vanishes and sliding inception of the contact interface occurs.
It is remarkable that 60 years after Mindlin's (1949) paper was published, the CMC is still widely used in a variety of applications as evidenced from the numerous citations of this paper. This is in spite of several deficiencies associated with some of the original simplifying assumptions listed above. In the following we shall revisit the CMC and show how these assumptions can be relaxed to yield a more accurate realistic solution.
REVISITING OF THE CATTANEO-MINDLIN APPROACH
We shall start by examining assumptions 2-4 made in Mindlin (1949) and assessing their physical validity. In doing so we shall note that, because of geometrical symmetry, the problem of two identical spheres (assumption 1) in contact is equivalent to that of one of the spheres in contact with a rigid flat as shown in Fig. 1 . This latter configuration, which is a convenient replacement of that of Mindlin (1949) , has been studied extensively both theoretically and experimentally and enough evidences have been accumulated so far to show that the contact area of diameter 0 d , resulting from the normal load P, may change considerably when a tangential loading Q is added, in contrast with assumption 2 of the CMC. The phenomenon of increasing contact area during tangential loading was first observed experimentally in 1950 by and independently by Parker and Hatch (1950) . It was later identified in 1959 by Tabor (1959) as "junction growth". The junction growth is an outcome of the need to accommodate increasing shear stresses due to the tangential loading, in a realistic elastic-plastic material, by simultaneously reducing the local pressure so that the equivalent von Mises stress at any given point does not exceed the material yield strength. Obviously, if the normal load P is maintained constant, the increase of the contact area during tangential loading will reduce the mean contact pressure.
Fig. 1. Spherical contact under combined normal and tangential loading
Following the early experiments in 1950 the phenomenon of junction growth was observed in a number of additional experimental studies (e.g. Bowden and Rowe, 1956 , Courtney-Pratt and Eisner, 1957 , Constantinou and Chaudhri, 1989 , Ovcharenko et al. 2008a ). The images provided in Ovcharenko et al. (2008a) , clearly demonstrate significant junction growth at sliding inception of a copper sphere loaded against a hard sapphire flat. The growth of the junction is not radially symmetric and is substantially larger at the leading edge of the contact. This suggests that the shear stress at the contact is also not radially symmetric, in contrast to the CMC conclusion resulting from assumption 3 above. Also, a substantial plastic deformation can be observed in front of the growing contact area boundary. This results from material plastic yield which would prevent infinite shear stress value at the edge of the contact area. Hence, eliminating any need for a slip annulus based on unrealistic local Coulomb friction law in the form p µ τ = where, according to assumption 4 of the CMC, µ is a constant and independent of the local pressure p.
The notion of a local friction law in the form p µ τ = is problematic since it ignores possible local unrealistic high equivalent von Mises stress in cases where p or µ are very high. The need to assume a priory a certain constant value for µ regardless of the normal load P and the mechanical properties of the sphere is also problematic, and as will be shown in the next section is not valid. An interesting observation that was made in Ovcharenko et al. (2008a) is that full stick is maintained over the entire contact surface even when sliding inception occurs.
Another argument that would contradict the concept of exclusive interfacial slip as a result of tangential loading is the fact that adhesive wear with material transfer does occur often in dry sliding. The phenomenon of material transfer suggests that slip takes place on a certain slip plane below the contact surface (see e.g. Salib et al., 2008) thereby allowing a certain small particle to detach from the deformable sphere and remain stuck to the sliding rigid flat. If sliding inception would require full slip exclusively at the contact interface, as suggested by the CMC, adhesive wear and material transfer would not be possible.
Finally there is a hidden non physical assumption in Mindlin (1949) that relates to the changing contact condition from slip during the initial normal loading to no slip as soon as the tangential loading is applied. This discontinuity, which could be avoided if the no slip contact condition was implemented during the normal loading too (see e.g. Brizmer al., 2007a) , went unnoticed by Mindlin himself as well as by his followers who adopted the CMC.
From the above discussion it becomes clear that the simplifying assumptions 2-4 of the Cattaneo-Mindlin concept may not be valid since they contradict common practice as well as mounting experimental evidences, which do not support exclusive interfacial slip and zero junction growth.
An Alternative Approach
As early as 1939 a different approach to the nature of sliding and friction was presented by Bowden and co-workers Leben, 1939, Bowden and Tabor, 1939) as a result of their very carefully designed and executed experiments. According to this approach the contact between surfaces consists of "metallic joints" and, quoting from
Bowden, "Relative motion necessitates the breaking of these junctions with consequent distortion and tearing of the metal to a considerable depth beneath the surface". Obviously, this alternative approach relates to a mechanical failure that involves more complex phenomena than a simplistic local Coulomb friction law causing slip at the contact interface as assumed in the CMC. The early observations described in Bowden and Leben (1939) and Bowden and Tabor (1939) were substantiated by several other researchers (e.g. Moore, 1948 , Rabinowicz, 1951 , Burwell and Rabinowicz, 1953 . were perhaps the first to suggest that the conditions for tangential motion (sliding inception) are determined by the combined effect of the normal and the tangential stresses according to the von Mises theory of plasticity. Following this, Burwell and Rabinowicz (1953) presented a simple model for static friction coefficient at sliding inception when the contact was assumed fully plastic. According to this model (see also Rabinowicz, 1965) 
Equation (1) relates the static friction coefficient to material properties through the ratio s/H of the softer of the contacting materials forming the joint. This ratio is roughly 0.2 for many ductile materials and is not too far (at least of the same order) from measured friction coefficient values for a wide range of materials. Eq. (1) is also in agreement with experimental observations regarding the independence of static friction coefficient on the normal load or apparent contact area as stated by the classical laws of friction. The approach represented by Eq. (1) relates sliding inception to a certain failure mode associated with plastic yield at the contact interface, which is completely different from the Cattaneao-Mindlin approach.
In 1981 Tabor (1981) published an excellent review on the state of understanding friction where he addressed many of the relevant issues involved in the friction of unlubricated solids. Tabor indicated three basic elements that are involved in the friction of unlubricated solids, which are:
1. The area of true contact between the sliding surfaces 2.
The type of strength of bond that is formed at the interface where contact occurs 3.
The way in which the material in and around the contact regions is sheared and ruptured during sliding The Cattaneo-Mindlin approach, where fully elastic contact is assumed, is unable to deal with these three elements, which are related to a failure mode based on plastic yield. The simple model presented in Eq. (1), although it was a step in the right direction, represents the other extreme of fully plastic contact. In both cases though, the sliding is assumed to take place exclusively at the contact interface. It is worthwhile to mention here a somewhat different approach suggested by Rigney and Hirth (1979) . By this approach friction during steady state sliding of metals depends on the plastic work done in the near-surface region, and not necessarily on failure that is limited to the contact interface.
The understanding that a wide range of possible elastic-plastic contacts can exist between the two extreme cases of either pure elastic or fully plastic contacts mention above, led to a series of attempts (Chang et al., 1987 (Chang et al., , 1988a (Chang et al., , 1988b to resolve and better utilize the three elements indicated in Tabor (1981) . In these three papers a volume conservation of plastically deformed asperities, Chang et al. (1987) , was combined with failure criterion at sliding inception, Chang et al. (1988b) . A few deficiencies in these papers associated with assumptions adopted from the CMC (Mindlin, 1949) regarding negligible effect of tangential loading on the initial pressure distribution and contact area due to the normal loading, and a conservative failure criterion at first plastic yield, resulted in severe under estimation of static friction coefficient, Chang et al. (1988b) , mainly at high plasticity index values associated with soft and rough surfaces. A further attempt to somewhat improve the failure criterion used in Chang et al. (1988b) was made in Kogut and Etsion (2003) but since the CMC assumptions were maintained, the problem of unrealistic low values of friction coefficient encountered in Chang et al. (1988b) was not resolved.
The above deficiencies were finally removed when all the problematic CMC simplifying assumptions were relaxed and a more accurate failure criterion was adopted in Brizmer et al. (2007a) . A schematic of the model used in Brizmer et al. (2007a) is presented in Fig. 1 . An elastic plastic sphere in contact with a rigid flat is loaded by a normal load P under full stick contact condition. As a result an initial interference, 0 ω , with a corresponding contact area having a diameter, 0 d , is obtained. Next, a displacement controlled tangential loading is applied while P is maintained constant. This causes an increase of both the interference and contact area diameter (junction growth) to new values ω and d.
The tangential displacement x u (not shown in the figure) corresponds to a tangential load Q and the relation between them allows the calculation of an instantaneous tangential stiffness K of the joint. The instance at which K becomes zero marks the sliding inception when any attempt to further increase the tangential loading results in unbound tangential displacement. The tangential load, max Q , corresponding to this instance is the static friction force and the ratio P Q / max is the static friction coefficient µ .
Experimental Verification and Discussion
A special test rig, Ovcharenko et al. (2006) , was utilized to verify the alternative approach described in the previous section. It consists of an actuation module that holds a transparent rigid sapphire flat and applies the tangential load to an axially loaded spherical contact. The test rig provides for accurate measurement of the friction force and the contact area evolution. A detailed description of the test rig can be found in Ovcharenko et al. (2006) . The spherical specimens were machined from copper and tool steel rods and their spherical tips had diameters ranging from 3 to 15 mm The spherical tips were super polished to a roughness average, Ra, of 10 to 15 nm and the sapphire flat had Ra of only 3.5 nm. More details regarding the test can be found in Ovcharenko et al. (2006) and (2008b) . (where c P is the critical load for plastic yield inception) and the experimental results obtained in Ovcharenko et al. (2008b) . The results are shown for steel and copper spheres of four different diameters, and the dimensionless normal preload covers a wide range of 2 < P * < 464. As can be seen the static friction coefficient decreases sharply with increasing dimensionless normal preload in the early elastic-plastic loading range (P * < 50). At higher dimensionless normal preloads the reduction rate of the friction coefficient diminishes, and at P * = 200 the static friction coefficient approaches a constant value of about 0.25. This general tendency of decreasing static friction coefficient with increasing normal preload was also observed experimentally in . Obviously, this dependency of the static friction coefficient on the normal preload does not obey the classical laws of friction, let alone a local Coulomb friction law as in the CMC.
Experimental results of junction growth at sliding inception vs. the dimensionless normal preload, P * , for a range of copper sphere diameters are provided in Ovcharenko et al. (2008a) . Some recent results for steel spheres can be found in Ovcharenko and Etsion (2009) . Comparison of the experimental results and the theoretical prediction by Brizmer et al. (2007b) at medium and high dimensionless normal preloads, P * > 50, shows good correlation. Similar behavior in the plastic regime of deformation can also be deduced from the results in Kayaba and Kato (1978) for phosphor bronze and aluminum specimens. At lower normal preloads the model of Brizmer et al. (2007b) predicts different behavior with much higher junction growth than the experimental results. This difference between the theoretical and experimental results for P * < 50 can be attributed to the surface roughness of the test specimens. These specimens, which were fine polished to simulate as close as possible the assumed perfectly smooth surfaces of the model in Brizmer et al. (2007b) , still had a final roughness. Indeed, a recent theoretical study on the effect of surface roughness on junction growth by Cohen et al. (2009) shows that the presence of surface asperities can drastically reduce the real contact area compared to that in ideally smooth surfaces when the normal load is lower than a certain threshold value. 
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